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LaSSO [ribshirani 96]
mﬁinlly — X815 + AlBllL

X: design matrix, y: response
B: coefficients, A: regularization parameter
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Sparse Modeling Landscape Map
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p = argming lly — X2 + Il I, 181::= ). 18
J
v BIRTTT —AICLT, EFIHAN=R(CRS.
v MEELTHAY, RNEBBEEAENSSZICKHSNB.

© 2021 Toshiba Corporation 12



1. ZAN-RETU>) OEARZIBEIT D

Lasso [FBEFEAIN—-RICRBDH ?
L1 JIVAD B ETRBESD, EFIDAN-RICIRD

Ridge QRaoBansifIRHICLZERL) Lasso QRTOBEOHINRIHILBERL)
,é = argming ly — B1x1 — ,32X2||% ,[;) = argming ly — B1x1 — ﬁzxzu%
s.t. BE+ P2 <t L2JIVA s.t. |B1]l + B2l £t L1JIA

B 50 b2 5M

< LassoDfi#

R‘dgfﬂ‘ 2)C— RO
Bi Bi
\Jmmﬁu \ Aﬁﬁ?d)wﬁu

© 2021 Toshiba Corporation 13




1. ZAN-RETU>) OEARZIBEIT D

Lasso DFE{E7IIAUX A
FEiERE TIEIC KD, KigMREfFh G - mERICKRDHEND

PEIRRE A RICLBETHI -

j — 1 ;p; ;p; . (L_;(:I-LJT > ;I:I-ibr%r)’gglmnet) #/§‘71’7')_;)|§:_J'%|::37*;A_37*ﬁ -
> data(QuickstartExample) #T—%FHIA
”yﬁﬁqéitjf/{—lt%% . > cvfit <- cv.glmnet(x,y) #LassoZE{T
1 > coef(cvfit, s="“lambda.min”) #&#HHL AN
T (Intercept) 0.14867414
pj<S (; Xj (v - X—j/)’—j)» /1) ¢ LasrTe
v3 0.69787701
4 .
S(Z A) 35 -0.83726751
¢ V6 0.54334327
V7 0.02668633
» V8 0.33741131
BRRIMERSL S (3 o .
—EXETIE0ZES
Sul Z = 2N-ZARMRMESNG

© 2021 Toshiba Corporation 14



(¢}

IIIE SR C RN ¢

Sparse Modeling Landscape Map

Low Bias

s scon
faersimas 16)
oty XA 181y <

oiare 3]

T
o -1+ A

Grouping Effect
1

———r—
vz U]

SR LR

Exclusive Effect

gt st sso
Toada 81
iy X08L  AFL + BTRS

o) ‘

PRt

st
K718 A

mcp

i)

Nonnegative
Garotte

s

)

Z.A},

B e et s =T
G s oty S 8
T [191- 1272
PR v o
i 2 pion .
=
w30, ,m.,yu o I
el
(i), = i SCAD

i)
XU+ i, 5)

Adaptive Lasso

Dantzig Selector

(G T2007)
Bl £ LT 3B 5

RSy e

Known Group/Hierarchy
1

Structural Regularization

oo o1
njaly =391 +2 YL

1 Group e, i vorm poameter with 7 = 1

s s

it 51
el A8 +18)

= /:.)ow(ul‘! )

o
181+ + 2 YK

=

-3 .Az“

gL e

——

f—
)
S | I e

15 =Y Il

iz
Tohe 101
ey —XP15 11, + 4

A s
1602l
ot = |~ Ry A <SR

)
el 381+l O 1, OO

s o cosent st

gt os3 Sl o wot s St [ MultiTask
PRt

Clustering

T T T
ol
kN + 1 Group Lasso Ty
Elastic Net T = 8 e 81+ A rsd Eheen e
o0 & et 05 5 ey - oy = XA + oA+ A7 oty X1 33, A, I e oy~ P18+ 2088 30 Y s A
oy AP Ay St ; b= 3.l .
: i e 2) Transfer Learning
| 1
Lasso mesianise Fused Lasso | et i Transfer Lasso
| o t Tt s] il 301l e P
Py - | F I YN s SroeEE L= D)
e e s Pttt
T
1

CDA H%‘;‘:‘rﬁmH LARS
e Wi temon

[roemney
ks Coselote.

SIS

Stablllg Selectlon

e

& o 21

P

i
i

Graphical Lasso
e 7=

iotter )
Sty docns P b

st
ricimane o8
oy x5 Rl + Al +151,)

. S

ines ocnr e ot

EOXCEL o{wuuan L8
Pcocten o e sampe
e

ool
AP 5

il =

P

et
"I -
e

e -
T sparse addte Mosel I
= e \xmm»m‘umz\mm) ) B
etz | | opty-anen S br(Garnsan)n o]

ol S 1 54 o 2 T8 4 Tl SR

e
[

Safe Screening  Independence Screening

Optimization

Algorithms

ssasers
(s 101

p e
T Sparstyntucng s .
T o aply- o xron] i ot
Bayesian [ uw[mr...mn.mm. searman's e
'y T T HMLasso e ok = s oy
- ot i1
S0 s P

T
Robustness

2 i s e

T
Missing

-
e

Graphical Model

Analysis

==
[ T e
TN = K

¢
KoLvem s

et
ot

T
sample-wise

L
orane )
X
sl <mpl = Nonlinearity
056800 = 75 4 (1, Newra Network
WO e v, e

Beyond the Linear Regression/Classification

© 2021 Toshiba Corporation

15



I. AN-RETV) OIS

—AEFUYYI IvT
AN=RAEFTUYI DR AR, KE458I5ICDHNS

Sparse Modeling Landscape Map

Structural Regularization

Grouping Effect Known Group/Hierarchy
Low Bias 1 o !
| Correlation Based Penalty Exclusive Effect
I I [Yuu&ulhn:ht()’:?] I Zhaor as) Iti-T:
SLOPE / Ordered Weighted L1 B; - B, B+ ﬂ a0+ [Janati+ 19]
. i Tree-Guided Group Lasso
Best Subset Selection [Bogdan+ 14; Zeng & Figueiredo 14] minlly - xmuz( A *) MUELYS k) T T ol — 518 4.2 192 Tree [K\::;d:::\;c]hssv molly ~XB7 +1(8)
[Bertsimas 16] Seamless:L0 Penalty mnlly - P13 T q
o y = XBIE+ ) 4161 — XBII} Zz E 5) = 4Bl + A min ) o B
minlly ~XIE .18l < k [Dicker+ 13] " Ll . Tje: comelation be1wgen){l and X minlly = XBIZ + A1l + 4211 RIF| I: Group Index, y;: norm parameter with y;, > 1 minllY —xBE 1), Bl e J(B) = 4l1Bll1s + 22 Z B ) = Multi-Task
Solved by Mixed Integer Optimization mjnlly = XBl3+2 Iog(w T 1) Vf\m i "' mges« Comw"ent of |B] [Frank & an‘iman 93]ﬂ R: Similarity Matrix G: I-th task group. M) =w ((/fk)w i)+ W((ﬁk),, -7)
= 1, = 0: weights mjolly — X1 + 2EI I
T I W (-)): Wasserstein distance
| Trace Lasso |
s R [Grave+ 11] Overlapping Group Lasso odel
[Hastie+ 20] MCP minlly — X813 + 2l diag(P)l. Exclusive Group Lasso Uscob 03] Pt Mol o
freex = yprese @y + (- ppe@) —— Nonnegative i III.+ Trace norm [eng: 1t . . z ; [she 10]
& 2 = Y —X(B +B' + A 1B] + 22 1B lly,00 ;i
Sl teng 10 Nonnegative Ridge ———— A EORE +AZHV (% Y~ X(8 + B + 22113 + A2 15, e | Clustering
on the submatrix of active variables minlly = XBIE + 1, B) Garotte EETR ) I i 2 R P P o= Y 18,1, mjally = XBIE + A28l + 22 Y 18 = el
2 B — mjnily — Xg113 + 2SI : Group Index U =
I - 1< (Breiman 95 §
_ ade s I? pai =Elas\|c Net I I I
— s I minlly =555 423 TLobert | e
elaxed Lasso 181> v G minlly — Xl +| 17p) Multi-Task Lasso
[Meinshausen 06] 2 - G=0 " Elastic N [ - (B ZPSDH . . (i Group Lasso [Obozinski 11] 0sCAR
2 2 : symmetric PSD matrix, Uncorrelated Lasso . Obozinst a
mplly = X8 L + 92081, I astic Net || Sl s h A | | (chene 13 i [Yuan &ian 06] I T“m”y xaug;u‘ﬁu:z e Bondell & Reich 0]
f:inital estimator (006 . P=(1-a)l+all” -1 -a)k minlly = XBII5 + 211811 + A2B7RE minlly = XBI% + 2y e, s mjnlly = XBIE + 2Bl + 22 ). max(Ifl 6ul}
o TS SCAD minlly = XBI + 241181l + 2l 81 R:Similarity Matrix R: Similarity Matrix 1 Grous Indes, e of ot . 18152 = Y 18, ft ” .
. _{& s q : Group Index, p: # of variables in group ;
(0 Lunnip), { 0,otherwise oo Dantzig Selector Transfer Learning
I minlly —XBI + pay () (ETE e I |
4 minlBl, s.t1X7( = XB)ll, < 2
a8, B2 [l
: 9
Adaptive Lasso e /R LassO (ribshirani s6] Fused Lasso pamninduse Transfer Lasso
[Zou 06] Py = Z((y - 1)) ) “}!"”” — X3+ AlBlly [Tibshirani+ 05] ™ minly — XBIZ + AlIDAll, il [Takada & Fujisawa 20]
—xpl2 ml ¥ + 1y’ —Xp|I2 - —
il — XBIE + 21w © il GO s X: design mati,: response minly = XBIE + Bl + 42 316 = ¥ Do mjely = X1 + (<l + (- l) A1)
w: inverse of consistent estimate B: coefficients, A: regularization parameter T B: initial estimator
] I
I I Network Lz
etwork Lasso
CDA Proximal Gradient / FISTA LARS [ Lasso with Noisy & Missing Data Graphical Lasso [Hallacs 15]
fe{ " [Daubechiess 04; fred LARS Bavesian Lasso 1 i T g ) Graphical Lasso (riedmans O8]
[Friedmant 07; 10] Beck & Teboulle 09] [Efron+ 04] [Park & Casella 08] TS~ 5T+ 21 [Yuan & Li 07](Friedman+ 08] mjnlly — XB ~ Rallf + Allal, +11,) man(y( —Tp) +2 Z il = 821,
Solving lasso via gibb ler with Laplace 1Bl 5boyE o _ ” R: rules generated by decision trees
distribution prior I £ pairwise covariance matrix mintr(56) —logdet(6) + 12 105l maximization of covariance B linear coeffictent, o rle cocfficiont B coefficient ofthe sample i
. . p: pairwise covariance vector S empirical covariance matix I Wit weight of edge
ADMM StRoNG SIS Stability Selection i oftrue effective variables ©: precision matrix to estimate I
R (Tibshiranis 12] I [Meinshausen & Buhimann 10] RTINS SparsePCA Sparse Additive Model
[Boyd+ 10) [Fan &Lv 08] I I J[Z,’fTe] [Ravikumar+ 07][Meier+ 09] "
| CUME Sparsity-inducing PCA by ) (Lo [Yamada+ 16]
' Convex Conditioned Lasso minlly B+ 32 ). (67 (7878 +220,)
I [Neal 96), [Wipf & Nagarajan 08] Scaled Lasso, Concomitant Lasso = Dette&zoutn) X [Caii+ 11] minimization of squared error i R o :) i . “Z(’“ T z w8 — gl + AZZ\IMIZ
SAFE inlly — XBIE + AR (6% [Owen 07][Ndiaye+ 17] g minll6ll s.t.1l58 Il < 4 h i & 2 1
minlly = XBII3 + 2h*(5%) min BTSB — 578 + A8l b Bj:B-spline basis of X;, ;: Smoothness matrix of B; = T
Online Stachastic [Chachigol 7 ly = XBIE + 2+ A 5 L 2 S: empirical covariance matrix, B coeffcient of the sample i
N h*(B%): concave conjugate rgxymly— B3 + 5+ AllBI f= £ -5 o o g o T :
i Z 0 Zng argming. o L precision matri to estimate i welgh of ece
SGD, SDA | of Ay Iog\xdxag(v)x +21l, o estimate of noise level
B = [ﬂlz 2] = el £: pairwise covariance matrix Sparse PLS Hierarchical Lasso
i : pairwise covariance vector (Chun & Keles 10] [Bien 13] I
I oee 13 I Sparsity-inducing PLS .
[Wang+ 13] | - — I SKepTIC min Hy o + 5. Iy nxy” +A(H/?H,+—I\0H,) Sample-wise
. iu+12]
oz o8~
Batch Stochastic Bayesian [BuczlNapkoonsil7) CLIME or Graphical Lasso using Spearman's ot
P I Y mn supElIG80) HMLasso P e L lojl, <7 +47.67 > 0.7 >0
SAG, SVRG, SDCA Gap i D‘” ‘(’;““’g‘;”;‘f;’l‘mgem [Takada+ 19] Multivariate ©: Coefficient of second order interactions
[Fercoq+ 15] (ReoEzs) * betweenP and Q o $TS8 = P18 + MBI Analysis
T IRoE-DI; Y
T | | r HSIC Lasso LassoNet
Optimization Ol Tensor Graphical Lasso [Yamadat+ 14] [Lemhadri+ 21]
i i B pairwise covariance vector (Sun+ 15] .
Safe Screening  Independence Screening Robustness e e N . min[rer =Y ko[ + 2, min > € £ W) + Al
7 'Frob |t 5 e H H
I 1/, KR, = Ky 1) g = st W] <mip) Nonlinearity
Missing L0 y). FCeii B, W) = BTx,+ fir (), fy (): Neural Network
Graphical Model K, L: Kernel Functions W ©: First hidden layer, f: Residual layer
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Sparse Modeling Landscape Map

Structural Regularization

Grouping Effect Known Group/Hierarchy
Low Bias 1 A !
| Correlation Based Penalty Exclusive Effect )
I I [Yuu&UlhnchtOQ] 1 Zhaor as) r
SLOPE / Ordered Weighted L1 (ﬂ B ) (ﬂ + B, ) a0+ [Janati+ 19]
B 5 3 3 5 Tree-Guided Group Lasso
Best Subset Selection Seamless-L0 Penalts (gt PR minlly —XglIf +2 Z T o T Independently Interpretable Lasso mjnly — Xl +2 ) 18'1): Kim & Xing 10] minllY = XBIE +(8)
[Bertsimas 16] Seamless-L0 Penalty —xp|2 2+ 18 T 2 0
minly — XBI2 5. I8l < k cher+ 13] ol "”“Z*Z‘:"”m aridge s coreaton beﬁweenX, and X mmny—xm\%+A,\|mh]+lzww L Group Index, y;: norm parameter with y, = 1 msmny—xsufuzz wilBe /(E)—A.llallunzmmZA(/n./r) f— Multi-Task
LA 181 "
—xpl th largest tof Frank & Friedman 93] . G -th task
Solved by Mixed Integer Optimization mjnlly = X113 +fllog(w il \Ifh,; [ MEE; cz'gp::;\hé 181 ['.:Ty—x;ﬁ‘rf;uﬁ|:” I R: Similarity Matrix I v ask group A(;‘x’k,ﬁ) W((/x’k)+,ﬂ+ +W((ﬁ,‘) B )
it : “ I T ): Wasserstein distance
Trace Lasso

freiax = yflasso ) + (1 - B
=]

L
. [ [Grave+ 11] |
N “lrastier20) I L w% + E’] r I mjly = XBI3 + AIciag(B)l. s Fﬂ 4 *
‘ asso B e T |
VL X1+ 081+ T [ = | _— Custering

BHS(2): ordinary least squares coefficie

on the submatrix of active variables d 70] I
+AlBIE 1: Group Index s
| 1 \ E — Pairwise Elastic Net N = 3 \
[Lobert+ 10] I [ I n
— ] — minlly = XBI -+ 18IPIp] 1] e
Uncorrelated Lasso

Relaxed Lasso
[Meinshausen 06]
L 2] Net P: symmetric PSD matrix,
mjnlly = X6 - L], + o151, I Il ear=ita-om-a-or || (Chens R . 7 ¥: -k resporse, B: ult-task coeficents
f:initial estimator (006 ) P=(-a)l+all”~ (1~ R minlly = XBII3 + A l1Bll, + . B7RE minlly — X1 +2 ) Vil e Z 3 mjnlly = XBIE + 2Bl + 22 ). max(Ifl 6ul}
I SCAD minlly = XBIE + 4,181l + 2815 R Similarty Matrix R Similaity Matrix o ot ot v . 18152 = Y 18, b=t . )
. _(m s : Group Index,pi # of variables in group J
(0 Lunnip), { 0,otherwise oo Dantzig Selector Transfer Learning
I minlly = XBI + pay (5)) [EIESETER]) I 1
S e minll, 5.t 1875~ XB)l <2
Adaptive Lasso U S TEYCOU LassSO (rivshirani 96 Fused Lasso el S Transfer Lasso
= 20— 1 . = ™ ™
1704 06] L |pr® ((YY+ l))yz mjnlly — XBI + Bl hirani+ 05] gy XEIE + 1081, j [Iakz:z & Fupsawzlzo] .
mjally ~ X1 + 21w © I, GO o5 X: design i, : response il — XBI5 + 2181, + 42 . 16~ Bja] e minly = XBIE + 4 (<161 + 0t = s ~A],)
w: inverse of consistent estimate P coefficients, A: regularization parameter 2 T B initial estimator
] I
1 1
N Network Lasso
Proximal Gradient / FISTA Lasso with Noisy & Missing Data G hical L Bulefit [Hallac+ 15]
CDA b— " Dwbeehesio; =  LARS Bayesian Lasso R L M i e raphical Lasso Scolass {Friedmans o8] il
ac " 5 o _ o
IFriedmans 07; 10] Beck & Teboulle 05] {efrons 04] L T8 A1 Yuan & L 07 Friedmant 03] el mjnlly = X8 — Rall + Allall + 181,) mﬂ\nZ(y( —Tp) +2 Z w8 - e,
olving lasso via with Laplace 1"4 WE - R: rules generated by decision trees
et el | e mjntr(5e) ~ logdet(©) +2 ). [0yl maximization of covariance o ode e byt e B coefcentof the sample
Stability Selection | | Z2rsses s | | s o o I
ADMM SIS b ©: precision matrix to estimate I
aLsavavet I [Meinshausen & Buhlmann 10] G BEIRLEEr Sparse PCA Sparse Additive Model
[Boyd+ 10) [Fan &Lv 08] I I J[m [Ravikumar+ 07][Meier+ 09] "
| Sparsity-inducing PCA by ) (Lo [Yamada+ 16]
Convex Conditioned Lasso minlly ~ BRI +33 Y. (6] (3678 + 4a04) ;
I I I —— ‘ Neal 961, [Wipf & Nagaraian 08] ‘ ‘ Scaled Lasso, Concomitant Lasso ‘ ‘ ST oy JER minimization of squared error " N ) min =T 20 S gt gl S
bs z minllell s.t.156 ~ 11l < 2 '
Online Stachastic AR~ 518 + ARl S: empirical covariance matrix,
Optimization pp— 8: precision matrx o estimate
SGD, SDA £: pairwise covariance matrix
p pairwise covariance vector
s
I SKEPTIC
e | = :: (- ' | L
atch Stochastic or Graphical Lasso using Spearman's
Optimization ‘ M tho or Kendall's tau
SAG, SVRG, 5DCA [Takadar 19]
min TSR - 57 + Al
I I I I IR -l : HSIC oo Lassoner
Optimization safes ) - o 5 i N £ pairwise covariance ma:ix Yamadas 14] [Lemhadri+ 21]
7 pairwise covariance vector (sun+ 15] ) X
afe Screening  Independence Screening obustness plE ey e min ”“Z"Jr”‘”r‘ +allall min > € £ W) + Al
4 T -
o © Nonlinearit
0=1- 117/, K9, = K(x1y), %) Lty = sefw®| < mlg| Y
FGe B,W) = B A i), fiu () Newral Network

W©: First hidden layer, §: Residual layer

i Vi),
K,L: Kemel Fonctions
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Low Bias

Best Subset Selection
[Bertsimas 16]
mBinlly —XBII s.tllBlly < k

Solved by Mixed Integer Optimization

Seamless-L0 Penalty
[Dicker+ 13]

minlly - XBlI3 + Alog (I;I% + 1)

(Simlified) Relaxed Lasso
[Hastie+ 20]
Brelax — yﬁlaSSO(A) + (1 _ }/)BLS(A)
BS(2): ordinary least squares coefficients
on the submatrix of active variables

SLOPE / Ordered Weighted L1
[Bogdan+ 14; Zeng & Figueiredo 14]

minlly ~ XBI3 + )" 418l

J
|B1j: i-th largest component of | 3|
L= ,1p > 0: weights

Relaxed Lasso
[Meinshausen 06]

2
min(|y = X8 - Luppip) [, + #2181
ﬁ‘: initial estimator

( " A) _ [Bj ,support variables
B+ Lsupp(p) i 0, otherwise

MCP
[Zhang 10]
rr;;nlly = XBII3 +pa, (B)

ﬁz
A1BI _Z_V'I‘BI <vyi
=1
L 1g1>na

Bridge
[Frank & Friedman 93]
n}ginlly — XBlI3 + AlIBIG

Nonnegative
Garotte

[Breiman 95]
2
~0LS
y— Z X]ﬁ] Gl + AZ ¢j
i -

2 J
st.g=0

min
c

Ridge
[Hoerl & Kennard 70]
minlly — X8I + 2118113

Adaptive Lasso
[Zou 06]
minlly — XBlI5 + 2llw © B4

w: inverse of consistent estimate 8

SCAD

[Fan & Li 01]
rrkirllly — XBII5 + pay (B)
ABlL 1Bl 4
|BI% — 2yA|B| + A*
my®B =1 20—-D
(v + Dy?
2

A<Z<|Bl <y

Bl >y

Dantzig Selector

[Candes & Tao 07]
mﬂinllﬁlll SIXT = XB)lle < 2

Elastic Net

[Zou & Hastie 05]
mﬁinlly = XBII5 + 2,181, + 2118113

I. ZN-ZEFYU>) OIS
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RO : PINIVXLETRULT, ERECTNTS (BERTHEPRANELRE)
J— R ANSYTS>TUSY
CEDONRNCHETES S

=) 1R

[Friedman+ 07; 10]

R EIE L7V L

CDA [

[Daubechies+ 04;
Beck & Teboulle 09]

[Efron+ 04]
Solvi

Proximal Gradient / FISTA LARS . Bootstrapped Lasso
Bayesian Lasso [Bach 08]
[Park & Casella 08]
ng lasso via gibbs sampler with Laplace I

distribution prior

Stability Selection

ADMM

[Boyd+ 10]

Online Stachastic
Optimization
SGD, SDA

STRONG

[Meinshausen & Buhlmann 10]

sso with Noisy & Missing Data
[Loh & Wainwright 12]
min BT8R — pT B+ AlIBIl,

1Bll1sbovs
2: pairwise covariance matrix

p: pairwise covariance vector
s: # of true effective variables
b,: appropriate parameter

La

Convex Conditioned Lasso

IS

w

[Tibshirani+ 12]

Batch Stochastic
Optimization
SAG, SVRG, SDCA

SAFE
[Ghaoui+ 10]

DPP
[Wang+ 13]

GAP
[Fercog+ 15]

[Fan & Lv 08] \
|

C-Sl
[Ki+ 12]

HSIC-SIS
[Balasubramanian+ 13]

Interaction Persuit
[Kong+ 15]

=4
»n

|
Optimization

|
Safe Screening

I
Independence Screening

Algorithms

Automatic Relevance Determination
[Neal 96], [Wipf & Nagarajan 08]
min|ly — XBII3 + Ah*(B?)

h*(B?): concave conjugate
of h(y™1) = —log|Xdiag()XT + A,

B =[B% . B3lyt=lrit %t

Scaled Lasso, Concomitant Lasso
[Owen 07][Ndiaye+ 17]

in—[ly - XBIIZ + 2+ Al

mTZna y Bl 2 Bll1

B
o: estimate of noise level

[Datta & Zou 17]
min BTEB — "B + Al
£ = argming,||2 - 5"0o
bl pairwise covariance matrix
p: pairwise covariance vector

|
Bayesian

Variance-based Regularization

[Duchi & Namkoong 17]
min  sup  Ep[l(B,X)]
B p:Dg(PlIPmysp/n
Dy (P||Q): ¢-divergence

between P and Q

HMLasso

[Takada+ 19]
min BTER — p"B + Al

|
Robustness

B = argminy_>0"R (O] (2 - f)”:_
S pairwise covariance matrix
P: pairwise covariance vector

R: pairwise observation ratio matrix

|
Missing

Searse Modaling Landscape Map
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BRI DIEAHBI

Grouping Effect
|

ZiEAIS

Correlation Based Penalty
[Tutz & Ulbricht 09]

mmIIy XBIIZ+AZ(B] ﬁk) +

Jj<k

(ﬂj +ﬂk)2

1+75

Tjk: correlation between X, and X,

Exclusive Effect
|

Independently Interpretable Lasso
[Takada+ 18]

R: Similarity Matrix

Trace Lasso
[Grave+ 11]

mﬁinlly — XBlI3 + Allxdiag(B)|l.

||]l.: Trace norm

mﬁinlly = XBII3 + MllBllx + 22181 RIBI

Known Group/Hierarchy
|

mposite Absol
[Zhao+ 09]

mjnlly — xg15 + 2 ) [16'I}¢
]

L: Group Index, ¥;: norm parameter with y; > 1

Penal

Structural Regularization

Tree-Guided Group Lasso
[Kim & Xing 10]

g 2
minllY - XBI% + AZ,.ZLW’"BMHZ

G;: l-th task group

Exclusive Group Lasso
[Kong+ 14]

L: Group Index

Pairwise Elastic Net
[Lobert+ 10]
mBinIIy —XBII5 + 1BI"PIBI

P: symmetric PSD matrix,

eg,P=1+1-6)11T-(1-0)R,

P=1-a)l+alll —
R: Similarity Matrix

(1-a)R

minlly — X613 + 221181 +22 ) [181;
L

2

Overlapping Group Lasso

[Jacob+ 09]
sz 1

+AZ||v'||2, 8= Z

L: Group Index pl # of vanables in group l

mm

Multi-Task Wasserstein
[Janati+ 19]
minllY - XB|l3 +J(B)

J(B) = A111Bl11 + 22 mmz A1)
8(B1 B) = W (B4, Bs) + W((ﬁk) B-)

W (-,"): Wasserstein distance

e Multi-Task

Dirty Model
[Jalali+ 10]
minllY — X(B + BIIF + A11Bll1,1 + 22 [1Bll1.00

1B = ) 51,
J

Clustered Lasso
[She 10]

mjnlly = XB13 + Aullglly + 22 ) 16; = el

— Clustering

Uncorrelated Lasso
[Chen+ 13]
mﬂinlly = XBII + LlIBll: + 2B"RB

R: Similarity Matrix

Group Lasso

[Yuan & Lian 06]
minlly - XBI3 +4 ) VAi[8'l,

T
L: Group Index, p;: # of variables in group [

Multi-Task Lasso
[Obozinski 11]
minlY — XBI[ + AlBll1..
Y: multi-task response, B: multi-task coefficients,

1Bl = Y (181
J

j<k

LasSSO fribshirani 96]
mBinlly — XBI3 + 2Bl

X: design matrix, y: response
B: coefficients, A: regularization para

meter

OSCAR
[Bondell & Reich 08]

mjnly = X813 + 1Bl + 22 ). max{l5;l, 1Ael}

Transfer Learning

i<k

ZE0J N —TEE
ZERIS

Fused Lasso

[Tibshirani+ 05]
minlly = X613 + 22118ls + 22 )" 1B = Bl
J

Generalized Lasso
[Tibshirani & Taylor 11]
minlly — XBII3 + DA
D: Structure Matrix

Transfer Lasso

e [Takada & Fujisawa 20]
minlly = XBI13 + A (alBll, + (= )18 = B]l,)

B: initial estimator

EhS

ZERIS

SZZIDERe

Searse Modaling Landscape Map

TEHA AR DIE e
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Graphical Lasso
[Yuan & Li 07][Friedman+ 08]
mintr(se) — log det(6) + AZ 10l

j<k
S: empirical covariance matrix,
O: precision matrix to estimate

SCoTLASS
[Jolliffe+ 03]
Sparsity-inducing PCA by
maximization of covariance

RuleFit
[Friedman+ 08]
mjnlly — X — Rall3 + A(llall, + 1181l
R: rules generated by decision trees
B: linear coefficient, a: rule coefficient

CLIME
[Cai+ 11]
minlell s.t.1156 — Il < 2
S: empirical covariance matrix,
0: precision matrix to estimate

Sparse PCA
[Zou+ 06]
Sparsity-inducing PCA by
minimization of squared error

Sparse Additive Model
[Ravikumar+ 07][Meier+ 09]

1
minlly ~ BBIE + 41 |67 (3878 + 22 )y

Bj:B-spline basis of X;, Q;: Smoothness matrix of B;

nonparanormal SKEPTIC
[Liu+ 12]
CLIME or Graphical Lasso using Spearman's
rho or Kendall's tau

|
Sparse PLS Hierarchical Lasso
[Chun & Keles 10] [Bien+ 13]

Sparsity-inducing PLS

Tensor Graphical Lasso
[Sun+ 15]
Graphical Lasso using Tensor data

Graphical Model

Multivariate
Analysis

. 1 Z 1
min [y = 8 + 3x7010)| + ARl + 5 l10lk)
2
st.O=0",8=B"—-p",
lejll, < BF + ;.87 20,57 20
0: Coefficient of second order interactions

Network Lasso
[Hallac+ 15]
N2 : .
min (i =28 +2 )" wiallgs - gl
i i1<iz
BL: coefficient of the sample i
wjk: weight of edge

Localized Lasso
[Yamada+ 16]

. . . 2
min ) (=B + 41 ) willB =g, + 2 ) gl
i i1<iz2 i
B coefficient of the sample i
wjk: weight of edge

Sample-wise

HSIC Lasso
[Yamada+ 14]
2
Ll — Z a;TKOT
J Frob
- 0 -
F=1-11"/n K = K(xi,j,%iy), Liyi, =
L(yi, ¥iy)s
K, L: Kernel Functions

min + Alally
a

LassoNet
[Lemhadri+ 21]
ngnz 20 f e B, WD) + AlIBIl
st |w®| < mlg] Nonlinearity

fCei; BW) = BTx; + fu(x1), fw (-): Neural Network
W ©: First hidden layer, B: Residual layer

I. ZN-ZEFYUJ DA% S

FREEBZIEITS (D571 DIVETIPLIERAZETIVRE)

Beyond the Linear Regression/Classification

Soarse Modaling Landscape Map
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AN-2EFUSIEEGEO TS (201) <

RO SXRAT—ADHDAIN-AETU>Y
(Takada, Fujisawa & Nishikawa 2019 [JCAI)

HMLasso

[Takada+ 19]
rr}}n BTEB —p B + Bl

£ = argmings||[R © (£ - fl)”lz:
3 pairwise covariance matrix
p: pairwise covariance vector
R: pairwise observation ratio matrix

© 2021 Toshiba Corporation 22
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RANT—HERST5E
RATF—IDSEERETIVETECET, HEN(CHEETES

RANT—4 TET 4

- m I I

XRilfhse + E7IUE HiEFETIE

o B FITERRSE - ZEANE e {5l : CoColLasso (Datta & Zou 2017 Ann. Stat)
e STERELFEZMIITIONELL) o MWERM(COBFETFIZHETETES

B eili:bs

- RHAFRTE, SRAT-HYHIKZD
EEtTIULFEEIRE
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CoColLassoDEANRE XS
559 2N DDIC, HIEEEDHDBEUITINZHETE T D

LassoDEALZHE D BT ZRAVWTEZICER. I3, (X € R SHBAZEY, y € R™: BIZEY)

A

1
f = argmin o ly — XBII5 + MBIy < BEDLassoDERAL
B

1
= argmin E,[)’TS,B —p"B+APILS =X"X/n,p=X"y/n — EPEEAVZERL
B
S, p DARDODIC, I, p Z{ES.

5 — ' _ gpair pair _ _1 v X (RPN ST
£ = argmin (DR | I A T Ziety XijXine (\PIAZHAHTH)

~ 1 . g _— d .
Pj = mziaﬁ inij' Ijk = {l:Xithikb\t:E)(L_EH/ﬂu,l =1, ,Tl}

* Convex Conditioned Lasso (Datta & Zou 2017 Ann. Stat.)
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CoColassoDR =

RXRADES, EEDKIECELETSD

HE2EEIITNEH: X1, X2DEIBSERIZIHIEE (VS

RN X1, X2OHEDEUIAHERIENE L)
RPIAA 2 DAL S B LR REE EEAYEEL
VBT

| 1 —05 08
» Spair — —0.5 1 08

CoColassolcLd 5 — argmin ||Z _ Spair”
FIEEE1L 30

max

(1,2) A3

CoColasso

l \&7']4Z;:|\:ﬁjﬁi& ;:Eﬁﬁyo)'f b‘(TﬁE%'lilgBﬂJDb?)

y ; 1 EARNCZIELTUED
(1,3), 3B
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=Fi& : HMLasso
BRZATERENES5RU\ESICCoColassoZtIRUE

HMLasso (Lasso with High Missing rate) (Takada, Fujisawa & Nishikawa 2019 IJCAI)

A 1 TS ~T
b =arg[§nln Eﬁ 2B —p' B+ AllBll4

~ _ . 2 pair 1

Y = argrr(l)ln |RO(T — sPair) |F, Rix = |Lix|/n. S = mzie,jk X;iXik
wyy/w@%,ﬂu? CEHMIG THDEUTIEHETE O : BRILOH

ﬁ] ZLEI yl ijo I]k = {le]’ tXlkb‘lﬁ_lﬂﬁ(CEJ%‘}ﬂU,l — 1, ...,Tl}

v HMLassoldHE DB A EE L2 )\ ASHBRLET. EAROETEREZ=HS.
v CORBIREITEEARF T AEADMMZ BBV TERKCENTES.
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BT (KRHARDRI>M)

RTEHDIBCLR, SREBRFDERTRIECHS

14

#FUAATH M (M;; = 1 for 88, M;; = 0 for KA 7-sub GaussianZiE/c I« I 3.
TE2TAOHEDEITIZ S £95.

2, kDEIFEAIRZ 1) LLT, EHE r) &9 : ¥ = argmin |R“O(Z - Spair)”lz:

T30
CDES,

P(|IE-S ’ 2<e2)>1 2C 2 - °a . 21-0)\ >—1
(12— sll/p? = £2) 2 1~ p2cexp ene? (mpnryc ) (minsi®)22).

il

a
for Ve < ctX2,« (minr$ ') /(minr;, | HAIZT .
jk jk

IZ1ZU ¢, C, and ¢ (3TEZN.
a = 1DEE, ErEBEVEFTEIEEAM MR RIMESNS
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ZESR AR

HMLassold(FF2FH4TRER/INRDOE

FRA REHT T EEHfEST, CoColasso, HMLassoDHETE IS Z= % LEER

SIal-yavEt

5=

1
H 5 15- RAE = 0.1,05,09
o 10- ° (EAREUT ESERBIZRERBLS(C,
i / g 10 EHIDORBEE— I SLER)
e
# oo 7 : 4878 = 0.1, 0.5, 0.9
. H>JIVE = 1000,10000,100000
e A T e o . RITER = 50,100, 150, 200
RGAIER AERS . EVREER By = 10,8y, = =9, -,
Bs1 = 2,B91 = —1,8; = 0 (otherwise)
|'| 15- 5 10- S .
W : . SEIMERRE
g 10- “-11 *g
o e
{2 = e CoColasso
- :
O N  HMLasso

1 | ] 1 | ]
1000 10000 100000 50 100 150 200
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RO : RMRAI—-AFLDH

RAMELIFEICZVBSDAN-AMIEFEZRERELUE

« IREOT-YEFNS, ERATHIEVWIFREZTERUL.
+ BXRATOREZHE TEIFEIRREUL.

«  PUEERROIEFHEET TEINE MU,
HMLasso _
i 5L
Yy = X:B Takada, M., Fujisawa, H., & Nishikawa, T. (2019).
"HMLasso: Lasso with High Missing Rate". IJCAI2019.
RI—-FK

O '}'ﬂEE:E})I/ https://CRAN.R-project.org/package=hmlasso
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2 —2REFUSAEEGROTFIIZ (202) e

7@ FERAFAT OIS D AN —-ZAETU> )
(Takada & Fujisawa 2020 NeurlPS)

Transfer Lasso

[Takada & Fujisawa 20]
minlly = X813 + 2 (allBll; + 1 - )| - A]l,)

[: initial estimator
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RZEFiE : Transfer Lasso
¢, IERHEZRAWES DIV D RB S EZIRRUE

sIE ¢ X € R™VP: 5RBAZRZY, y € R™: HIZEZEX

Lasso (Tibshirani 1996) : § = arg;nin {% ly — XB|l5 + /1||,8||1} A >0 : IEAE/NSA=4

Transfer Lasso (Takada & Fujisawa 2020 NeurlPS) : V—A/ (’EX—’S'E € RPHBRIN=R(CZ1L

A

1 ~
B = argmin {5 lly = Xp13 + 2 (el + (1 = )18 A, )]
AN=XEAHE  AN—-AZ{EIERE
(0 <a<1: EAHEDNSDRZHIEITS/(5X-4F)

v BERREBOLE, V-2ANTA-F2R-R(EFHIHET, nEIOHFHZERE CS5.
v IFERIREDLE, [ERHEZEFIETH2ET, RilBlOXMEEZIETE N TES.
v HESLZORIEHNAN-ZATHDIZD, EFNEFHR-EELPTN
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REFEDERAIEAE
IEAHEDFSHENY —AINFA—HITRBIILT, AN-ARE(LZRIATS

EAULIE allpll, + 1 - a)||6 — ||, DEBR (@ = 1,%, %, B = (1,%)7T)
J—2JX53—4 f

=84 o=1)2

1.5 7 \\

R

a=1 (=Lasso)
1:5
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Figure 2: Contours of our regularizer.
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REFEORBELTIIVXA
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=1
B
R
7.'
tH.

j=1..p1..,p . [cHWUT, PERIIFTUTZENIRT.
1
Bj T (Exj (v —X_jB-j), A, 2Q2a — 1),3,-)

T(Z,Yl,stb)

BREMERAZL T ($ 0 £Y—-ZINSX=5p;
D2EPAC—EEZEO TS
= 2DDAN-RA4%ZED
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HRARAT (1) HEERZE DIEFHILPRT
HEERZED LRI YA MBS LZERUEE

y=XB* +¢&A=f—p", ﬁ—arg[gnln{—lly XBII3 + 2 (allpll, + 1 — )| - B||,)}

V=25 — DI
BFE1 : JAXEHTHIST>, e, Elexp(te)] < exp( ) vt € R.

IRFE2 : LUTFO—fzfbHIREBESRMZ®IT. S ={j:8 # 0},
5 = VXX /)y (2a = Dllvsell, +2(1 —a)llv—Alll}
tof |v]|2 < 2a+ Dllvslly +2(1 = a)lAll4

EH : FEEOREDHET, Transfer LassoldEUMERTL T2&EET .

A 2 Qa+1)%22%|S| 8(1 — a)p||All;

HETESRAE

>0,B={UEIRP

v Y=Z)VIA=FINIEUITNIE(A = 0), Transfer Lasso(a < 1)Dza7Z=(dLassodD/ &0,
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s DYPURL — b

5w At (2) #EE

SHABZEENHOTE, FIC—HMENSHILZRUE

y=Xg*+eA=F—p" ﬁ—argénln{—lly X813 + A (allgl, + @ -8 B],)}

V=25 — DI
BFE1 : JAXEHTHIST>, e, Elexp(te)] < exp( ) vt € R.

IRFE2 : LUTFO—fzfbHIREBESRMZ®IT. S ={j:8 # 0},

5 = VXX /)y 2a — Dlvsell, +2(1 —a)uv—Anl}
tof |v]|2 < Q2a+ Dlvslly +2(1 = a)llAlly ))

EH : FEEOREDHET, Transfer LassoldEUMERTL T2&EET .

2
—0 ((a + %) %s + (1 — a)/lllA||1>

v =2\ A-AINEIEZITVWTE(A » 0), Transfer Lassoldl —» 0C—E4E%ZHD.

Y BIELRIUIRE

>0,B={UE]RP

HETESRAE
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HEmAFT (3) ARDAZEE
N Z(ELR VW SRAZFRTRCRUE

B . V-2N\SA-AER—DIRS = HFIEI DNETDEME, UTOREZERNKIITEIETHS.
1 y s
‘EX]T(y = X,B)‘ < Afor §; =0,

-1 ((1 —a) — asgnﬁj) < %X]T(y —XB) < /1((1 —a)+ asgnﬁj) for Bj *+ 0.

v oa MIN&, ANKEINIE, Transfer LassoDEE(EY —Z)INGA—FE—ETB.
vV COMEZFIALUT, 10EZREBHEHD LEZRDBIENTSS.
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[Ol)F{%ER

Step

© 2021 Toshiba Corporation 39



. IARQ EEFOLDOIN-ZET)>YT

KT —IRER . FEARET-HINDER
Y—ANSGA=FCNSYTENPTVEFI(RERS

a = 1(Lasso) a = 0.75

* ‘ a > 0.508E, R FEONS2H— .
NN Y—ZINTA-HTELLTBLEDHB.

a < 0.50IFE, Y-RIN\GA-IHBIXH—1,
FRENEIXEDSRVEEEHNIL,

[Oo])F{RER
3 2 1 0 1
coefficients
3 -2 -1 0 1 2 3
| ] |
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oga T g BT LI R EHS.
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ff
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L1IERNEZ AW SRR S iris F 8 iEz iR =k

o ZEDDHUIBIRIBOHFT, EFNZIFENT B/ EICEH TR,
o [NSA=HBBILINFA-FDELINEBICAN-RICRZFEZIREUL.
o TERRRETEHEERENIANIGRD, FIEEFIRETE—HIEN DL RUL.
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e e _
= T SR
! > Time Takada, M., & Fujisawa, H. (2020). "Transfer Learning
via $ell_1$ Regularization". NeurlPS2020.
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